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Abstract 

In this paper we obtain asymptotic formulas of arbitrary order for 
the Bloch eigenvalues and Bloch functions of the Schrodinger operator 
— A + q(x ), of arbitrary dimension, with periodic, with respect to arbi¬ 
trary lattice, potential q(x). Moreover, we estimate the measure of the 
isoenergetic surfaces in the high energy region. 


1 Introduction 


In this paper we consider the operator 

L{q{x)) = —A -(- q(x), x £ R d , d > 2 (1) 

with a periodic (relative to a lattice Cl) potential q(x) £ W%(F), where 

s > so = 3d ^~ 1 (3 d + d+2) + jd3 d + d+ 6, F = is a fundamental domain 
of Cl. Without loss of generality it can be assumed that the measure p(F) of F 
is 1 and f F q(x)dx = 0. Let L t (q(x)) be the operator generated in F by (1) and 
the conditions: 

u(x + w) = Vw £ Cl, (2) 

where t £ F* = R d /r and T is the lattice dual to Cl, that is, F is the set of all 
vectors 7 £ satisfying (7, u>) £ 2-7 tZ for all u> £ Cl. It is well-known that ( see 
[2]) the spectrum of the operator L t (q(x)) consists of the eigenvalues 

Ai (t) < A 2 (t) < ....The function A„(t) is called n-th band function and its 
range A n = |A„(<) : t £ F*} is called the n-th band of the spectrum Spec(L) of 
L and Spec(L) = U^L-^An. The eigenfunction U ’ n ,t{x) of L t (q(x)) corresponding 
to the eigenvalue A„(t) is known as Bloch functions. In the case q(x) = 0 these 
eigenvalues and eigenfunctions are | 7 +1 | 2 and e l ^ 1+t,x ^ for 7 £ T. 

This paper consists of 4 section. First section is the introduction, where we 
describe briefly the scheme of this paper and discuss the related papers. 


1 



In papers [13-17] for the first time the eigenvalues |7 + t| 2 , for big 7 £ T, 
were divided into two groups: non-resonance ones and resonance ones and for 
the perturbations of each group various asymptotic formulae were obtained. Let 
the potential q{x) be a trigonometric polynomial 

E 

76 Q 

where g 7 = ( q(x ), e l (' 1 ’ x ' > ) = f F q(x)e~' l ^' 11,x ^dx, and Q consists of a finite number 
of vectors 7 from F. Then the eigenvalue |7 + t| is called a non-resonance 
eigenvalue if 7 + t does not belong to any of the sets 

{x € R d :|| x | 2 — | x + b | 2 |<| x | ai }, that is, if 7 + t lies far from the 
diffraction hyperplanes {x £ :| x | 2 =| x+b | 2 }, where at\ £ ( 0 , 1 ), 

b € {for + 62 + ■■■bm • bi,b 2 , ■■■b m £ Q}, and m is fixed integer (see [15-17]). 

If q(x) £ W^iF), then to describe the non-resonance and resonance eigen¬ 
values I 7 + i| of the order of p 2 ( written as I 7 + t\ ~ p 2 ) for big paramater p 
we write the potential q{x) £ IF|(F) in the form 

q(x)= E 9 7 l e i(7l ’ x) + 0(p- pa ), (3) 

7i6r(p“) 

where r(p Q ) = {7 £ F : 0 < | 7 |< p“)}, p = s — d, a = |, q = 3 d + d + 2, 

and the relation I 7 + f | ~ p 2 means that Cip < |7 + t| < C 2 p. Here and in 

subsequent relations we denote by d (i = 1 , 2 ,...) the positive, independent of 
p constants whose exact values are inessential. Note that q{x) £ W^(F) means 
that I <h I 2 (1+ I 7 | 2s ) < 00. If s > d, then 

E1 i< c3 ’ sup 1 E 97 el(7,a:) i< E 1 ^ i = °(p~ pa )’ ( 4 ) 

7 7 ^r(p“) |7|>P“ 

i.e., (3) holds. By definition, put ak = 3 k a for k = 1,2,... and introduce the 
sets V 7l (p ai ) = {x £ R d :|| x | 2 - | x + 71 | 2 |< p Ql }, 

Ei(p a \p) = |J V^(p ai ), U(p ai ,p) = R d \Ei(p ai ,p) 

7ier(pp°) 

E k { P a \p)= U (n? = 1 v 71 (p“*)), 

7li72,-..,7fc6r(pp“) 

where the intersection in the definition of Ek is taken over 71 , 72 , •••, 7 k, 

that are linearly independent. The set U(p ai ,p) is said to be a non-resonance 
domain and the eigenvalue |y + t\ ~ p 2 is called a non-resonance eigenvalue if 
7 + t £ U(p ai ,p). The domains V^p 011 ) for 71 £ T(pp a ) are called resonance 
domains and | 7 + t | 2 is called a resonance eigenvalue if 7 + t £ V 7l ( p ai ). 

In section 2 we prove that for each 7 +f £ U ( p ai , p) there exists an eigenvalue 
A pf(t) of the operator L t {q{x)) satisfying the following formulae 

Ajv(t) =| 7 + ^ | 2 +-Pfc-i(7 + t) + 0(1 7 + t | 3feQ ) (5) 
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for k = 1, 2,[|(p— \q(d — 1))], where [a] denotes the integer part of a, F 0 = 0, 
and ( for k > 1 ) is explicitly expresed by the potential q(x) and eigenvalues 
of L t ( 0). Besides, we prove that if the conditions 

|A N (t)-|7 + <| 2 |<^ ai , ( 6 ) 

| 6 (fV, 7 ) |>c 4 p- c “ (7) 

hold, where b(N, 7 ) = ('bN,t, e l ^ +t ’ x ^), N,t{x ) is a normalized eigenfunction 

of L t {q{x)) corresponding to A N {t), then the following statements are valid: 

(a) if 7 + t is in the non-resonance domain, then A jv(<) satisfies (5) for 
k = 1, 2,..., [|(p — c)] ( see Theorem 1); 

(b) if 7 + t € E S \E S+ 1 , where s = 1,2 ,d — 1, then 

Aat(<) = Aj (7 + t) + 0 (| 7 + < | fcQ ), ( 8 ) 

where A j is an eigenvalue of the matrix C (7 + t) ( see (26) and Theorem 2). 
Moreover, we prove that every big eigenvalue of the operator Lt(q(x)) for all 
values of quasimomenta t satisfies one of these formulae. 

For investigation of the Bloch function, in section 3, we find the values of 
quasimomenta 7 + f for which the corresponding eigenvalues are simple , namely 
we construct the subset B of U(p ai ,p) with the following properties: 

Pr.l. If 7 + t € B , then there exists a unique eigenvalue, denoted by A (7 + t), 
of the operator L t (q(x)) satisfying (5). This is a simple eigenvalue of L t {q{x)). 
Therefore we call the set B the simple set of quasimomenta. 

Pr.2. The eigenfunction \E , i v( 7 +t )(a:) = 'P 7 +t (a:) corresponding to the eigen¬ 
value A(q + t) is close to e^ 7+t,x \ namely 

* N (x) = e i ^ +t ^+0(\ 1 + t | _ai ), (9) 

* 7 +t(s) = e^ +t ’ x) + $ fc _i(*) + 0(1 7 + t k = 1 , 2 ,... , ( 10 ) 

where $fc_i is explicitly expresed by q(x) and the eigenvalues of L t ( 0). 

Pr.3. The set B contains the intervals {a + sb : s £ [—1,1]} such that 
A(a — b) < p 2 , A (a + b) > p 2 , and A(y + t) is continuous on these intervals. 
Hence there exists 7 + t such that A (7 + t) = p 2 for p 1. It implies that 
there exist only a finite number of gaps in the spectrum of L , that is, it implies 
the validity of Bethe-Sommerfelcl conjecture for arbitrary dimension and for 
arbitrary lattice. 

Construction of the set B consists of two steps. 

Step 1. We prove that all eigenvalues Ajv(t) ~ p 2 of the operator L t (q(x)) 
he in the £\ = p~ d ~ 2a neighborhood of the numbers 

F{ 1+t) =| 1+t I 2 +Fki-i{l+t), Aji'y+t) ( see (5), ( 8 )), where h = [^]+2. 
We call these numbers as the known parts of the eigenvalues. Moreover, for 
7 + t € U(p ai ,p) there is A w(t) satisfying Ajv(t) = F(y + t) + o(e 1 ) ( see (5)) 
Step 2. By eliminating the set of quasimomenta 7 + t, for which the known 
parts F (7 + f) of Ajv(t) are situated from the known parts F{"f +t), Aj (7 +t) 
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(7 7 ^ 7) °f other eigenvalues at a distance less than 2ei, we construct the set B 
with the following properties: if j + t £ B, then the following conditions (called 
simplicity conditions for Ajv(£)) hold 

I F(j + t)- F(V + t) |> 2s\ (11) 

for 7 € i\\{ 7 }, 7 + t £ U(p ai ,p) and 

I + t) ~ ^j(l +£)|>2£i (12) 

for 7 £ K, 7 +t £ Ek\Ek+i, j = 1, 2,where K is the set of 7 £ T satisfying 

I + t)~ I 7 + t | 2 |< \p ai - Thus B is the set of 7 + t £ U(p ai ,p) satisfying 

the simplicity conditions (11), (12). As a consequence of these conditions the 
eigenvalue A pj(t) does not coincide with other eigenvalues. To prove this, namely 
to prove the Pr.l and (9), we show that for any normalized eigenfunction 
corresponding to Ajv(t) the following equality holds: 

E l^7)| 2 =0(p- 2ai )- (13) 

7'er\7 

For the first time in [15-17] we constructed the simple set B with the Pr.l and 
Pr.3., though in those papers we emphasized the Bethe-Zonnnerfeld conjecture. 
Note that for this conjecture and for Pr.l, Pr.3. it is enough to prove that 
the left-hand side of (13) is less than j ( we proved this inequality in [15-17] 
and as noted in Theorem 3 of [16] and in [18] the proof of this inequality does 
not differ from the proof of (13)). From (9) we got (10) (see [18]) . But in 
those papers these results are written briefly. The enlarged variant is written 
in [19] which can not be used as reference. In this paper we write these results 
in improved and enlarged form. The main difficulty and the crucial point of 
papers [15-17] were the construction of the simple set B with the Pr.l.,Pr.3. 
This difficulty of the perturbation theory of L(q(x)) is of a physical nature and 
it is connected with the complicated picture of the chystal diffraction. If d = 2, 3, 
then F(j + t) =| 7 + t | 2 and the matrix C (7 + t) corresponds to the Schrodinger 
operator with directional potential qs(x) = Yl n ez Qn6 em<k5,x ^ ( see [16]). So for 
construction of the simple set B of quasimomenta we eliminated the vicinities 
of the diffraction planes and the sets connected with directional potential ( see 
(11), (12)). Besides, for nonsmooth potentials q(x) £ L 2 (K 2 /fl), we eliminated 
a set, which is described in the terms of the number of states ( see [15,19]). The 
simple sets B of quasimomenta for the first time is constructed and investigated 
( hence the main difficulty and the crucial point of perturbation theory of L(q ) 
is investigated) in [16] for d = 3 and in [15,17] for the cases: 

1. d = 2, q(x) £ L 2 {F); 2. d > 2, q(x) is a smooth potential. 

Then, Yu.E. Karpeshina proved ( see [7-9]) the convergence of the perturba¬ 
tion series of two and three dimensional Schrodinger operator L{q) with a wide 
class of nonsmooth potential q(x) for a set, that is similar to B 1 of quasimo¬ 
menta. In papers [3,4] the asymptotic formulas for the eigenvalues and Bloch 
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function of the two and three dimensional operator L t (q(x)) were obtained. In 

[5] the asymptotic formulae for the eigenvalues of Lo{q(x)) were obtained. 

In section 4 we consider the geometrical aspects of the simple sets. We 
prove that the simple sets B has asymptotically full measure on K. d . Moreover 
we construct a part of isoenergetic surfaces corresponding to p 2 , which is smooth 
surfaces and has the measure asymptotically close to the measure of the Fermi 
surfaces {x £ R :| x |= p} of the operator L(0). The nonemptyness of the Fermi 
surfaces for p^> 1 implies the the validity of the Bethe-Sommerfeld conjecture. 

For the first time M.M. Skriganov [11,12] proved the validity of the Bethe- 
Sommerfeld conjecture for the Scrodinger operator for dimension d = 2, 3 for 
arbitrary lattice, for dimension d > 3 for rational lattice. The Skriganov’s 
method is based on the detail investigation of the arithmetic and geometric 
properties of the lattice. B.E.J.Dahlberg and E.Trubowits [1] using an asymp¬ 
totic of Bessel function, gave the simple proof of this conjecture for the two 
dimensional Scrodinger operator. Then in papers [15-17] we proved the valid¬ 
ity of the Bethe-Sommerfeld conjecture for arbitrary lattice and for arbitrary 
dimension by using the asymptotic formulas and by construction of the sim¬ 
ple set B , that is, by the method of perturbation theory. Yu.E. Karpesliina 
( see [7-9]) proved this conjecture for two and three dimensional Schrodinger 
operator L(q) for a wide class of singular potentials q(x), including Coulomp 
potential, by the method of perturbation theory. B. Helffer and A. Mohamed 

[ 6 ] , by investigations the integrated density of states, proved the validity of the 
Bethe-Sommerfeld conjecture for the Scrodinger operator for d < 4 for arbitrary 
lattice. Recently L. Parnovski and A. V. Sobelev [10] proved this conjecture for 
d < 4. The method of this paper and papers [15-17] is a first and uniqie, for the 
present, by which the validity of the Bethe-Sommerfeld conjecture for arbitrary 
lattice and for arbitrary dimension is proved. 

In this paper for the different types of the measures of the subset A of 
we use the same notation p(A). By | A | we denote the number of elements of 
the set A C T and use the following obvious fact. If a ~ p, then the number 
of elements of the set {7 + t : 7 € F} satisfying || 7 + t \ — a |< 1 is less than 
c§p d ^. Therefore the number of eigenvalues of L t (q) lying in (a 2 — p, a 2 + p) is 
less than C 5 p d_1 . Besides, we use the inequalities: 

a x +da< 1-a, da < ^a d , h < ^(p - ^(q(d - 1)), (14) 

PiOti > pa, 3fci« > d + 2a, a k + {k — l)a < 1, 
a k +i > 2(a k + (k - l))a 

for k = 1,2,..., d, which follow from the definitions p = s — d, a k = 3 k a, a = 
q = 3 d + d + 2, ki = [^] + 2, p\ = [|] + 1 of the numbers p, q, a k , a, k\,p\. 
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2 Asymptotic Formulae for Eigenvalues 

First we obtain the asymptotic formulas for the non-resonance eigenvalues by 
iteration of the formula 


(An- \'y + t\ 2 )b(N,i) = (9 N>t (x)q(x),e^ +t ^), (15) 

which is obtained from equation — A^N,t(x) + q(x)^ N,t(x) = Ajv^ N,t{x) by 
multiplying by e l ( 7 +b*)). Introducing into (15) the expansion (3) of q(x), we get 


(An— I 7 +1 \ 2 )b(N , 7 ) = qnK N ,l - 7i) + 0(p pa ). (16) 

7i6r(p“) 

From the relations (15), (16) it follows that 


b(N, 7 ) 


(^N,tq(x), +t ’ xS> ) 

A n - I i + t | 2 


E 

7ier(p“) 


q~gb(N, 7 ' - 71 ) 

A n - I i +1 | 2 


+ 0(p~ pa ) 


(17) 


for all vectors 7 G T satisfying the inequality 

\A n -\i +t\ 2 \>\p a \ (18) 

This inequality is called the iterability condition. If ( 6 ) holds and | 7 +1 | 2 is a 
non-resonance eigenvalue, i.e., 7 + t G U(p ai ,p), then 

II 1 + t I 2 - I 7-7i + t | 2 |> p ai , | A n - I 7-71 -M | 2 |> \p ai (19) 


for all 71 G T(pp a ). Hence the vector 7—71 for 7 +t G U(p ai ,p) and 71 G T(pp a ) 
satisfies (18). Therefore, in (17) one can replace 7 by 7 — 71 and write 


6 ( 1 V, 7 - 7 i) 


7*«v>> Alv- 17-71 +l 


Substituting this for b(N, 7 — 71 ) into right-hand side of (16) and isolating the 
terms containing the multiplicand b(N, 7 ), we get 


(A n ~ I 7 + t \ 2 )b(N,j) 


E 

7i,72er(p“) 


g 7 ig72 & ( iV ,7 ~ 7i - 72 ) 
A n - I 7~ 7i +* I 2 


+ 0(p~ pa ) = 


I ^7i I 2 K^i7) 

7 ie lv») Ajv_l7_ ' yi + t l 2 


E 

7i,72er(p“), 

7l+72#0 


q^q-iMN,! - 71 - 72 ) 
A at— | 7 - 71 + t \ 2 


+ 0(p~ pa 


since <z 7 l g 72 =| q 11 | 2 for 71 + 72 = 0 and the last sum is taken under the 
condition 71+72 7 ^ 0. Repeating this process p± = [|] +1 times, i.e., in the last 
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formula replacing b(N, y — 71 — 72 ) by its expression from (17) ( in (17) replace 
7 by 7 — 71 — 72 ) and isolating the terms containing b(N, 7 ) etc., we obtain 


{A n - \y + t | 2 m 7 ) = Ap, (A n , 7 + t)b(N, 7 ) + C Pl + 0(p ~^), (20) 

where (Ajv, 7 + t) = YX=i s k(^N, 7 + *) , 


Sk(AN, 7 + 0 


71 


(?7i #72 • • • #7fc #~7i 72 -■■■-Ik 

.....^(p^n^OA^h + ^ELrTil 2 )’ 


C P1 = 


E 

7i,...,7 P1+ ier(p“ 


g7lg72---g7 P1 + l & (^7-7l ~72~ •••-7 Pl +i) 

n^A^-b+t-ELi^i 2 ) 


Here the sums for Sk and C Pl are taken under the additional conditions 

7 i +72 + ■■■ + 7 s 7 ^ 0 for s = 1, 2 ,k and s = 1,2, ...,pi respectively. These 
conditions and the inclusion 7 * £ T(p“) for i = 1 , 2 , ...,pi imply the relation 
Yji- i 7 i €E T(pp“). Therefore from the second inequality in (19) it follows that 
the absolute values of the denominators of the fractions in Sk and C Pl are greater 
than (\p ai ) k and ( 5 p ai ) Pl respectively. Hence the first inequality in (4) and 
Piai > pa ( see the fourth inequality in (14)) yield 


C Pl =0(p- p ' a ') = 0(p- pa ), S k (A N , 7 + t)=0(p- ka '),\/k = l,2,..., Pl . ( 21 ) 


Since we used only the condition ( 6 ) for An, it follows that 

S k (a,y + t) =0(p~ ka ') ( 22 ) 

for all a £ M satisfying | a— | 7 + t | 2 |< \p ai . Thus finding N such that An is 
close to | y + t | 2 and b(N, 7 ) is not very small, then dividing both sides of (20) 
by b(N, 7 ), we get the asymptotic formulas for An- 


Theorem 1 (a) Suppose 7 + t £ U(p ai ,p), | 7 |~ p. If (6) and (7) hold, then 
An satisfies formulas (5) for k = 1,2,..., [|(p — c)], where 

F s = 0(p~ ai ),\/s = 0 , 1 ,..., (23) 

and F 0 = 0, F s = H s (| 7 + t | 2 +F s -i,y + t) for s = 1,2,.... 

(■ b ) For y + t £ U(p ai ,p), | 7 |~ p there exists an eigenvalue An of L t (q(x)) 
satisfying (5). 


Proof, (a) To prove (5) in case k = 1 we divide both side of (20) by b(N, 7 ) 
and use (7), (21). Then we obtain 


An- I 7 + t | 2 =| 7 + t | 2 +0(p ai ). (24) 


This and a\ = 3a ( see the end of the introduction) imply that formula (5) 
for k = 1 holds and To = 0. Hence (23) for s = 0 is also proved. Moreover, 
from ( 22 ), we obtain Sk(\ y + t | 2 +0(p~ ai ), 7 + t) = 0(p~ ai ) for k = 1 , 2 ,.... 
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Therefore (23) for arbitrary s follows from the definition of F s by induction. 
Now we prove (5) by induction on k. Suppose (5) holds for k = j, that is, 

Ajv =| 7 +t | 2 +Fk-i('y+t)+0(p~ 3ka ). Substituting this into H P1 (Ajv, 7 +t) 
in (20) and dividing both sides of (20) by b(N, 7 ), we get 

An =| 7 + t | 2 +A P1 (| 7 +1 | 2 +*],•_! + 0(p ~^),7 + t) + 0(p-( p ~ c ) a ) = 

I 7 + t | 2 +{-4pi(l 7 +1 | 2 + 0(p jai ), 7 +1)— 

A>i( | 7 + * | 2 +-fj-i>7 + *)} + -^pid 7 +1 | 2 +Fj_i,7 +1) + 0(p (p C ^ Q ). 


To prove (a) for k = j + 1 we need to show that the expression in curly brackets 
is equal to 0(p _ ^' +1 ^ ai ). It can be checked by using (4), (19), (23) and the 
obvious relation 

1 

n;=i(l 7 + 1 I 2 +Fj- 1 + 0{p~^)~ I 7 + ^-E*=i 7i I 2 ) 

1 

n-=i(l A + t I 2 +Fj- 1 - I 7 + i-Ei=i7i I 2 ) 

=_ 1 _(_ - _ 1 ) 

n; =1 (l 7 +1 I 2 AFj—i | 7 +1 - EEr 7i I 2 ) 1 1 - 0 (p-U+^) ’ 

= 0 (p _(i+1)ai ) for s = 1 , 2 , 

( 6 ) Let A be the set of indices N satisfying ( 6 ). Using (15) and Bessel 
inequality, we obtain 


E 1^.7) i 2 = E 1 

N£A N£A 


^ N {x),q(x)e^ +t ^) 
An- | 7 + t I 2 


| 2= 0(p~ 2ai ) 


Hence, by the Parseval equality, we have EjvpA I H^i7) | 2= 1 — 0(p~ 2ai ). This 
and the inequality | A |< c$p d ~ l = C 5 p( d_ 1 )9 a ( see the end of the introduction) 
imply that there exists a number N satisfying | b(N, 7 ) |> ^(cs)" 1 /?' 2 )<la ) 
that is, (7) holds for c = ^ d ~^ q . Thus Ajv satisfies (5) due to (a) ■ 

Theorem 1 shows that in the non-resonance case the eigenvalue of the per¬ 
turbed operator L t (q(x)) is close to the eigenvalue of the unperturbed operator 
L t (0). However, in theorem 2 we prove that if 7 + t £ r\ k =:1 V li (p ak )\E k+ i for 
k > 1, where 71 , 72 , ••• ) 7 fc are linearly independent vectors of T(pp a ), then the 
corresponding eigenvalue of Lt{q{x)) is close to the eigenvalue of the matrix 
constructed as follows. Introduce the sets: 

B k = B k { 71,72, ...,7k) = {b:b = J 2 i=i n iAi, n i € Z,\b\< ipW+i}, 


B k {7 + t) — 7 + t + B k — {7 + t + b : b £ B k }, (25) 


Bk{l + t,pi) = {7 + t + b + a : b G B k , \ a \< pip a ,a G T}. 

Denote by hi + t for i = 1,2,..., b k the vectors of B k ( 7 + t,p±), where 
6 ^ = 6 ^( 71 , 72 , ..., 7 fe) is the number of the vectors of ^(7 + t,pi). Define 
the matrix C (7 + t, 71 , 72 ,..., 7 fe) = (cij) by the formulas 

Cyi | hi 1 , qhi—hj > 7 ^ J, 

8 


(26) 



where i,j = 1,2 ,—,b k . We consider the resonance eigenvalue | 7 + t | 2 for 
7 + t G (n* = 1 V 74 (p a *)) by using the following lemma. 

Lemma 1 If'y + te nf = 1 V^ 4 (p afc )\E fc+ i, ft + t G £*,(7 + f,pi), 

(ft.- 7 ' + t) ^ S fc (7 + t,pi), fften 

|| 7 + t | 2 - | ft - 7 ' - 71 - 72 - ... - 7 ' + t | 2 |> ip“ fc+1 , (27) 

wftere 7 € r(p“), 7 *. G r(p“), j = 1,2,..., s and s = 0,1, — 1. 

Proof. The inequality p > 2p\ ( see the end of the introduction) and the 
conditions of the lemma 1 imply that 

ft —7-7i-72-----7s + i e B k (i + t,p)\B k (i + t) for all s = 0 , 1 , ...,Pi-l. 
It follows from the definitions of B k (7 + t,p), B k that ( see (25)) 
ft — 7 — 7]. — 72 — ••• — 7 s +t = 7 + t + ft + a, where 

| ft |< 7jP^ ak+1 , | a |< pp a , 7 + t + fo + a^7 + t + Ift,. (28) 

Then (27) has the form 

|| i + t + a + b | 2 - | 7 + f | 2 |> lp ak+1 . (29) 

5 

To prove (29) we consider two cases: 

Case 1. a € P, where P = S'pan{ 7 i j 72 , ..., 7 /s}. Since ft € B k C P, we have 
a + ft € P. This with the third relation in (28) imply that a + ft € P\B k ,i.e., 

I a + ft |> 2 P^ ak+1 . Consider the orthogonal decomposition 7 + f = y + uof 
7 + f, where v G P and y_LP First we prove that the projection v of any vector 
x G n| = 1 T yi (p afe ) on P satisfies 

| v |=0(p (fe - 1)Q+Qfc ). (30) 

For this we turn the coordinate axis so that .Span{ 71 , 72 , ---, 7fe} coincides with 
the span of the vectors e\ = (1,0, 0,..., 0), e 2 = (0,1, 0,..., 0),..., e k . Then 
7s = ]C/=i7 s,i e i for s = 1,2,..., fc . Therefore the relation x G n*L 1 F Yi (p“ fc ) 
implies that 

clet(ft”) 

5^7 s,iXi = 0(p ak ),s = 1 , 2 ,..., ft; x n = ’ , n = 1 , 2 , ...,fc, 

det( 7 i>i ) 

where x = (xi, x 2 , x d ), 7 ? = (7j,i. 7 j, 2 j•••,7i,fc. 0,..., 0), 6^ = 7 ^* for n ± j 
and ftT = 0(p ak ) for n = j. Taking into account that the determinant det( 7 j i ,) 

is a volume of the parallelepiped {Xa=i &* 7 * : h G [ 0 , 1 ], i = 1 , 2 ,..., ft} and using 
I 7 j,i \< PP° ( since 7 j G T(pp“) ), we get the estimations 

zn = 0(p ak+ ^ a ) ,Vn = 1,2,..., fc; Vx G n? = 1 V r 7 < (p“»). (31) 
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Hence (30) holds. Therefore, using the inequalities | a + b |> \ p5 “ fc+1 ( see 
above), a.k +1 > 2(a*, + (k — l)a) ( see the seventh inequality in (14)), and the 
obvious equalities (y , v) = ( y , a) = (y, 6) = 0 , 

\j + t + a + b\ 2 — | 7 + t | 2 =| a + b +v \' 2 - \ v \ 2 , (32) 

we obtain the estimation (29). 

Case 2. a (j P. First we show that 

|| 7 + t + a | 2 - | 7 + t | 2 |> p ak+1 . (33) 

Suppose, to the contrary, that it does not hold. Then y+ f € V a (p ak+1 ). On the 
other hand y + t G 0fL 1 F yi (p afe + 1 ) ( see the conditions of Lemma 1). Therefore 
we have y + t £ Ek +1 which contradicts the conditions of the lemma. So (33) is 
proved. Now, to prove (29) we write the difference | y + f + a + 6| 2 — | y + t | 2 as 
the sum of g?i =| y + t + a + b | 2 — | y + t + b | 2 and d 2 = | y + t + 5 | 2 — | y + t | 2 . 
Since c?i =| y + t + a | 2 — | y + t | 2 +2 (a, b), it follows from the inequalities 
(33), (28) that | dt\ \> | p°‘ k + 1 . On the other hand, taking a = 0 in (32) we 
have d 2 =| b + v | 2 — | v | 2 . Therefore (30), the first inequality in (28) and the 
seventh inequality in (14) imply that | d 2 |< | p Qfc+1 , | d\ \ — \ d 2 |> |p Qfe+1 , 
that is, (29) holds ■ 

Theorem 2 (a) Suppose | y |~ p, y + t £ (nf = 1 y 7 i (p afc ))\£; fc+ i, w/iere 
k = 1 , 2 ,...— 1 . // and f7) hold, then there is an index j such that 

A n = Aj(y + 1 ) + 0 (p-^- c - 3 d3 >), (34) 

where Ai(y + t) < A 2 (y + f) < ... < Ab fc (y + t) are t/ie eigenvalues of the matrix 
C(y+ t,yi,y 2 ,...,yfc) defined in (26). 

( 6 ) Every eigenvalue A^(t) ~ p 2 of the operator L t {q{x)) satisfies either (5) 
or (34) for c = q ( d ~ 1 ' > . 

Proof, (a)Writing the equation (16) for all hi + t £ Bk(j + t,pi), we obtain 
(Ajv- | hi+t\ 2 )b(N,hi) = J2 9yb(N,h t -'y') + 0(p- pa ) (35) 

7'er(p“) 

for i = 1,2,..., fefc ( see (25) for definition of Bj.fi) + t,p\)). It follows from ( 6 ) 
and lemma 1 that if (hi — y + t) ^ Bj.fi) + t,pi), then 

I A at— | hi - y' - yi - y 2 - ... - y s + t | 2 |> pp“ fc+1 , 

6 

where y" G T(p Q ),yj G T(p“), j = 1,2 ,s and s = 0, l,...,pi — 1. Therefore, 
applying the formula (17) p\ times, using (4) and p\oik+\ > Pioti > pa ( see the 
fourth inequality in (14)), we see that if (hi — y + 1) ^ Bfc(y + t,p\), then 

b(N, hi- y ) = 
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(36) 


E 

7i,...,7pi_ier(p“) 


g 7 ig 72 ...g 7pi 6(A, hj - 7' ~ YfiLi 7 i) | 

n^CAiv-i^-y+i-EE^i 2 ) 


+0(p- pa ) = 0(p Piafe+1 ) + 0(p- p “) = 0{p- pa ). 

Hence (35) has the form 


(An- I hi + t \ 2 )b(N,hi) =^ 9 y 6(iV,/ li -7')+0( / 9- p “),i 

1 


1 , 2 , 


where the sum is taken under the conditions 7 £ T(/? a ) and 
hi — 7 + i € ^.(7 + t,pi). It can be written in matrix form 

(C - A N I)(b(N, hi), b(N, h 2 ), ...b(N, h bk )) = 0(p~ pa ), 

where the rigth-hand side of this system is a vector having the norm 
II 0(p~n ||= 0(\fbkp~ pa ). Now, taking into account that 
7 + t € {hi + t : i = 1,2, bk} and (7) holds, we have 


bk 

c 4 p~ ca < (J2 I HN, hi) | 2 )^ <|| (C - A nI)- 1 II Vhce P~ pa , (37) 

i =1 

max | A n - Xi |- 1 =|| (C - A at /) -1 ||> c 4 c^b^ p~ ca+pa . (38) 

i=l,2,...,bk 

Since bk is the number of the vectors of Bk {7 + t,pi), it follows from the defi¬ 
nition of Bk (7 + t,p±) ( see (25)) and the obvious relations| Bk |= 0 (p 2 afe+1 ), 

I r(pi/? a ) |= 0(p da ) and da < \a<i ( see the end of introduction), we get 

bk = 0(p da+ ^ ak+1 ) = 0(p? ad ) = 0(pi 3da ),Vk = 1,2, 1 (39) 

Thus formula (34) follows from (38) and (39). 

( b ) Let Aat (t) be any eigenvalue of order p 2 of the operator L t (q(x)). Denote 
by D the set of all vectors 7 € T satisfying ( 6 ). From (15), arguing as in the 
proof of Theorem 1(6), we obtain 

E 7 eD I 6 (A) 7 ) | 2 = 1 — 0(p~ 2ai ). Since | D \= 0(p d ~ 1 ) ( see the end of the 
introduction), there exists 7 £ D such that 

| b(N, 7 ) |> Ctp~~-^ = crp~ ( 2>?a , that is, condition (7) for c = 
holds. Now the proof of (6) follows from Theorem 1 (a) and Theorem 2(a), since 
either 7 + f € U(p ai ,p) or 7 + 1 £ Ek\Ek +1 for k = 1,2, ...,d— 1 ( see (42) in 
Remark 1) ■ 

Remark 1 Here we note that the non-resonance domain U(c$p ai ,p) has an 
asymptotically full measure on in the sence that tends to 1 as p 

tends to infinity, where B{p) = {x £ :| x |= p}. Clearly, B{p) fl Vb(csp ai ) is 

the part of sphere B(p), which is contained between two parallel hyperplanes 
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{x :| x | 2 — | x + b | 2 = — Csp ai } and {x :| x | 2 — | x + b | 2 = c$p ai }. The 
distance of these hyperplanes from origin is O(^j-). Therefore, the relations 
I r(p/? a ) |= 0(p da ), and ai +da < 1 — a ( see the first inequality in ( 14 )) imply 

p(B(p) n V b (csp a fr) = O(^), p(E 1 n B(p)) = 0(p d ~ 1 ~ a ) (40) 

p(U(c 8 p a \p) n B(p)) = (1 + 0(p- a ))p(B(p)). (41) 

If x £ nf = 1 l4 yi (p Qd ), then (31) holds for k = d andn = 1,2 Hence we have 
| x |= 0(p ad+ ( d ~ 1 ^ a ). /i is imposible, because of ad + (d— l)a < 1 f see i/ie sixi/i 
inequality in (14)) and x £ B(p). It means that (U d =1 V li (p OLk )) fl B(po) = 0 for 
po 1 . T/ras, for pq 1 , we /lave 

n {| x |> p 0 } = (U U (ufzJ^A^+i))) n {| a; |> p Q }. (42) 


Remark 2 i/ere we noie some properties of the known parts 

| 7 + i | 2 +-F \(7 + i) (see Theorem l)and Xjfr/ + t) ( see Theorem 2) of the 
non-resonance and resonance eigenvalues of L t (q(x)). Denoting 7 + t by x , 
where | 7 + t | ~ p, 7 + t £ U (p ai , p ), we prove 

= 0(p- 2ai+a ),Vi = 1,2, d-\/k = 1,2,... (43) 

by induction on k. For k = 1 the formula (43) follows from (4) and 


-27i(i) 


dxi 


~ I x - 71 


(| * | 2 - | 35-71 I 2 ) 2 


= o(p 


-2o;i+a\ 


(44) 


where 71 (i) is i/ie i-i/i component of the vector 71 € T(pp a ) hence is equal to 
0(p a ). Now suppose that (43) holds for k = s. Using this and (23), replacing 
\ x \ 2 by | x | 2 +F s (x) in (44) and evaluting as above we obtain 


d 

dxi 


+F S - | x - 71 


r) = 


-27i(*) 


dF B 


dxi 


(| x I 2 +F S - I x - 71 I 2 ) 2 


= 0(p 


—2<y.\-fro. \ 


This formula together with the definition of Fk give (43) for k = s + 1. 
Now denoting A, (7 + t)— | 7 + t | 2 by r.j (7 + 0 we prove that 

| r,;(a:) — n(x ) |< 2 p 2 ad | a: — a: |,Vi. 


(45) 


Clearly r\(x) < r 2 (x) < ... < i'b k (x) are the eigenvalue of the matrix 

C(x)— | x | 2 I = C (x), where C(x) is defined in (26). By definition, only 
the diagonal elements of the matrix C (x) depend on x and they are 

| x | 2 — | x — at | 2 = 2 (a;,a.j)— | a,; | 2 , where at = hi + t — 7 — t and 

fr+t £ Bk(y+t,pi). It follows from the definitions of Bk(y+t,pi) (fork < d see 
(25)), and ad ( see introduction) that \ ai \< ^P^ ak + Pip a < p? ad ■ Using this 
and taking into account that C (x) — C (x ) = ( aij ), where a^i = 2(x — x , ai), 

aij = 0 for i 7 ^ j, we obtain || C (x) — C (x ) ||< 2p^ ad \ x — x \ from which 

follows (45). 
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3 Asymptotic Formulas for Bloch Functions 

In this section using the asymptotic formulas for eigenvalues and the simplicity 
conditions (11), (12), we prove the asymptotic formulas for the Bloch functions 
with a quasimomenta of the simple set B. 

Theorem 3 If y Tt £ B and | j + t |~ p, then there exists a unique eigenvalue 
A pf(t) satisfying (5) for k = 1,2,..., [|], where p is defined in (3). This is 
a simple eigenvalue and the corresponding eigenfunction ^N,t{x) of L(q{x)) 
satisfies (9) if q(x) £ W (F), where Sq = 3d ~^ (3 d + d + 2) + \d3 d + d + 6 . 

Proof. By Theorem 1(b) if 7 + t £ B C U(p ai ,p), then there exists an 
eigenvalue Ajv(f) satisfying (5) for k = 1, 2,..., [|( p — \q(d — 1))]. Since 

k\ = [^] + 2 < \(p — \q{d — 1)) (see the third inequality in (14)) formula 
(5) holds for k = k\. Therefore using (5), the relation 3k±a > d + 2a ( see 
the fifth inequality in (14)), and notations F(~/ + t) =| 7 + f | 2 +Fk 1 - 1(7 + 1), 
£1 = p~ d ~ 2a ( see Step 1 in introduction), we obtain 

Ajv(t) =F (7 + t)+o(ei). (46) 

Let 'Ltv be any normalized eigenfunction corresponding to Ajv- Since the nor¬ 
malized eigenfunction is defined up to constant of modulas 1 , without loss of 
generality it can assumed that arg 6 (iV, 7 ) = 0, where &(7V, 7 ) = (4'jv, e^ 7+t,a: ^). 
Therefore to prove (9) it suffices to show that (13) holds. To prove (13) first 
we estimate I b ( N >l) | 2 and then E'ex\{ 7 } I b ( N ^') | 2 , where K is 

defined in (11), (12). Using (46), the definition of K, and (15), we get 

I Ajv- \l +t\ 2 \>\p a \ (47) 

E 1 ft W7) l 2 HI «(*)** II 2 o(p~ 2ai ) = o( P ~ 2ai ). 

If 7 £ K , then by (46) and by definition of K , it follows that 

lAtf-b'+tfK ^ 01 (48) 

Now we prove that the simplicity conditions (11), (12) imply 

I b(N, 7 ') |< c 4 p- c “, V 7 ' £ I<\{ 7 }, (49) 

where c = p — dq — \d3 d — 3. If for 7 ' + t £ U(p ai ,p ) and 7 ’ £ A"\{ 7 } the 
inequality in (49) is not true, then by (48) and Theorem 1(a), we have 

Ajv =| 7 +1 \ 2 +Ffc_i (7 + t) + 0(p 3feQ ) (50) 

for fe = 1,2,..., [|(p — c)] = [^{dq + \d3 d + 3)]. Since a = 1 and 
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k\ = [^] + 2 < \{dq + \d3 d + 3), the formula (50) holds for k = k\. 
Therefore arguing as in the prove of (46), we get An — F {7 + 1) = o(e 1 ). This 
with (46) contradicts (11). Similarly, if the inequality in (49) does not hold for 
7 +1 G (Ek\Ek+ 1 ) and 7 G K, then by Theorem 2(a) 

Aiv = A jin' + t) + 0{p-^- c ~^ a ), (51) 

where {p — c — \d3 d )a = (dq + 3)a > d +2a . Hence we have 

Ajv — Aj(y + 1) = o(s 1 ). This with (46) contradicts (12). So the inequality 
in (49) holds. Therefore, using | K |= 0{p d ~ 1 ), qa = 1, we get 

E I b(N, 7 ') | 2 = 0(p~< 2 c -g(rf- 1))o ) = CI(p -( 2 p-( 3 d-l) g -Id 3 ‘ i - 6 )a)_ ( 52 ) 

7'e^\{7> 

If s = SO) that is, p = Sq — d then 2 p — {3d — l)g — \d3 d — 6 = 6 . Since a\ = 3a, 
the equality (52) and the equality in (47) imply (13). Thus we proved that the 
equality (9) holds for any normalized eigenfunction corresponding to any 
eigenvalue Ajv satisfying (5). If there exist two different eigenvalues or multiple 
eigenvalue satisfying (5), then there exist two orthogonal normalized eigenfunc¬ 
tion satisfying (9), which is imposible. Therefore Ajv is a simple eigenvalue. It 
follows from Theorem 1(a) that Ajv satisfies (5) for k = 1,2,..., [|], because the 
inequality (7) holds for c = 0 ( see (9)). ■ 


Remark 3 Since for 7 + t € B there exists a unique eigenvalue satisfying 
(5), (46) we denote this eigenvalue by A^y + t). Since this eigenvalue is simple, 
we denote the corresponding eigenfunction by \l/ 7 +t(a;). By Theorem 3 this 
eigenfunction satisfies (9). Clearly, for 7 + t € B there exists a unique index 
N = N{ 7 + t) such that A (7 + t) = A N (-y+t)) and 4' 7 +t (a:) = 4'j V ( 7 +t )(a;)). 

Now we prove the asymptotic formulas of arbitrary order for v I f 7 _(_ t (a;). 


Theorem 4 If 7 + t G B and | 7 + t |~ p, then the eigenfunction 

T 7 +t (a;) = th N(-y+t) ( x ) corresponding to the eigenvalue A n = A{y + t) satis 
fies formidas (10), for k = 1, 2,..., n, where n = [g(2 p — {3d — 1 )q — ^d3 d — 6)] 


$ 0 (a;) = 0, $1(2:) = 


\ ' 


<7 7l e i( A +t+7l ’ a 


and $>k-i(x) for k > 2 is a linear combination of e l ^ 1+t+1 ,x ) for 
7 G r((A; — 1 )p a ) U {0} with coefficients (58), (59). 


Proof. By Theorem 3, formula (10) for k = 1 is proved. To prove formula 
( 10 ) for arbitrary k < n we prove the following equivalent relations 

E \b{N, 1 + 1 ')\ 2 =0{p- 2ka '), (53) 

7 'er c (fc-i) 


^ N = b(N, 1 )e i ^ +t ^ + E b(N,y + y)e i ^ +t+ ^'^ + H k {x), (54) 

7 'er((fe-i) P “) 
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where T c (m) = F\(F(m/ 3 Q ) U {0}) and || Hk(x) ||= 0(p~ kai ). The case k = 1 is 
proved due to (13). Assume that (53) is true for k = m . Then using (54) 
for k = m, and (3), we have 4/ N(x)(q(x)) = H{x) + 0(p~ mai ), where 
H(x) is a linear combination of e^ 7+t+T ,x ) for 7 G T(mp a ) U {0}. Hence 
(H(x),e l ^ +t+1 ,a h) = 0 for 7 ' G T c (m). So using (15) and the inequality in 
(47), we get 


E I & ( iV -0' + 7 , ) | 2 = E I 
1 1 


(0(p- mai ), e i ^ +t+ ' 1 ' 
Aat- I 7 + 7' +* I 2 


| 2 =0(p" 2(m+1)ai ), (55) 


where the sum is taken under conditions 7 G T c (m), 7 + 7 ^ K. On the other 
hand, using aq = 3a, (52), and the definition of n ( see Theorem 4), we get 

E 1^,7') i 2 =o(p- 2nai ). 

7 'eif\{ 7 } 

This with (55) implies (53) for k = m+ 1 . Thus (54) is also proved. Here 6(77, 7) 
and 6(77, 7 + 7 ) for 7 G F((n — 1 )p a ) can be calculated as follows. First we 
express 6(77, 7 + 7 ) by 6(77, 7). For this we apply ( 17 ) for 6(77, 7 + 7 ), where 
7 G F((n — l)p Q ), that is, in ( 17 ) replace 7 by 7 + 7 . Iterate it n times and 
every times isolate the terms with multiplicand 6(77, 7). In other word apply ( 17 ) 
for b(N, 7 + 7 ) and isolate the terms with multiplicand 6(77, 7). Then apply ( 17 ) 
for 6(77,7 + 7 — 71) when 7 — 71 7^ 0 . Then apply ( 17 ) for 

6(77 ,7 + 7 ' - 1 7 i) wh en 7 ' - E=i 7 i ^ 0, etc. Apply (17) for 

6(77 ,7 + 7 ' - X)i=i 7 i) when 7 ' - ^=1 7» ^ 0, where 7 » G F(p“), 

j = 3,4, ...,n — 1. Then using (4) and the relations 

I Ajv^ | 7 +1 + 7 — Xq=i 7* | 2 |> 5 /° ai ( see (19) and take into account that 
7 ' - e r(pp Q ), since p > 2 n), A^ = P (7 + t) + 0 (p _nai ), where 

P (7 + t) =| 7 + t | 2 +P [|](7 + t) ( see Theorem 3), we obtain 

n —1 

6(77,7 + 7 ') = E 7 ) + 0(p-" ai ), (56) 

k =1 


where 

^ 1 ( 7 ) 

-4fc(7 ) = 

E 


=_ 17 _= _ 21 _+ 0 ( 4 -) 

P(7 + t)~ | 7 + 7 + t | 2 | 7 + < I 2 - I 7 + 7 + 4 2 y ^ h 

g7ig72---g7fc-ig 7 '-7i-72-...-7fc-i _ p, -tan 

7 1 ,i- i nto(^(7 + i)- l7 + i + 7'-ELi7, I 2 ) 

|Hi( 7 4| 2 =0(p- 2ai ), E I ^fc(7*) 1= 0(p~ kai ) (57) 


7*er((n-i)p“) 


7*er((n-i)p") 
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for k > 1. Now from (54) for k = n and (56), we obtain 


* N (x) =b(N, 7 )e i(7+t ’ a:) + 

n —1 

E E(W,7) + 0(p~ noci ))e i(7+t+7 * ,x) ) + #„(*). 

7 *er((n-i)p“) fc=i 


Using the equalities || n ||= 1, arg 6 (^, 7 ) = 0, || H n ||= 0(p raQl ) and taking 
into account that the functions e*^ 7+t,x ), H n (x), e^ 7+t+7 *’ x ), ( 7 * € T((n—l)p“)) 


are orthogonal, we get 

1 =| b(N, 7 ) | 2 +E^i 1 (E 7 . 6 r (( „-i)p») I A k (y*)b(N,y) I 2 +0(P~”“ 1 )), 


n —1 

6(JV, 7 ) = (l + E( E l^(7*)| 2 ))-HO(E 81 )) (58) 

fc=i 7*er((n-i)p“) 

(see the second equality in (57)). Thus from (56), we obtain 

n —1 n —1 

b{N ,7 + 7 ') = (E A ^'m + E E I W) I 2 )” 1 + 0 (p- nai ). ( 59 ) 

fc=l fc —1 7 * 


Consider the case n = 2. By (58), (57), (59) we have b(N,j) = 1 + 0(p 2q:i ) 


6 (AT ,7 + 7 ') = Ai(i) +0{p 2ai ) = 


Q-y 


i 7 + t | 2 - | 7 + 7 ' +t | 2 
for all 7 G T (/?“). These and (54) for k = 2 imply the formula for 4>i 


+ 0(p- 2ai ) 


4 Simple Sets and Fermi Surfaces 

In this section we consider the simple sets B and construct a big part of the 
isoenergetic surfaces corresponding to p 2 for big p. The isoenergetic surfaces of 
L(q) corresponding to p 2 is the set I p {q(x)) = {t G F* : 3N,A^(t) = p 2 }. In the 
case q(x) = 0 the isoenergetic surface I p ( 0) = {t G F* : G T, | 7 +1 \ 2 = p 2 } 

is the translation of the sphere 

B(p) = {7 +1 : t G F* ,7 G T, | 7 +1 | 2 = p 2 } by the vectors 7 G T. We call 
B{p) the translated isoenergetic surfaces of L{ 0) corresponding to p 2 . Similarly, 
we call the sets P p = {7 + t : A(y + t) = p 2 } and 

Pp = {t G F* : 37 G T, A (7 + t) = p 2 }, where A (7 + t) = A is de¬ 
fined in Remark 3, the parts of translated isoenergetic surfaces and isoenergetic 
surfaces of L(q). In this section we construct the subsets I and I of P p and 
P p respectively and prove that the measures of these subsets are asymptotically 
equal to the measure of the isoenergetic surfaces I p { 0) of L(0). In other word 
we construct a big part (in some sense) of isoenergetic surfaces I p {q{x)) of L(q). 
As we see below the set I p is a translation of / by vectors 7 G T to F* and the 
set I p lies in £ nieghborhood of the surface S p = {x G U(2p ai ,p) : F(x) = p 2 }, 
where F(x) is defined in Step 1 of introduction. Due to (46) ( replace 7 +1 by 
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x in F (7 + t) ) it is natural to call S p the approximated isoenergetic surfaces 
in the nonresonance domain. Here we construct a part of the simple set B in 
nieghborhood of S p that containes I p . For this we consider the surface S p . As 
we noted in introduction ( see Step 2 and (11)) the non-resonance eigenvalue 
A(t + t) does not coincide with other non-resonance eigenvalue A (7 + t + b) if 
I F{^ + t) — F{^) + t + b) |> for 'y + t + b G U(p ai ,p) and b G T\{0}. Therefore 
we eliminate 

Pb = {x : x, x + b G U(p ai ,p), | F(x) — F(x + b) |< 3ffi} (60) 

for b G r\{0} from S p . Denote the remaining part of S p by S p . Then we consider 
the e neighbourhood U £ (S p ) = U aeS 't4(a)} of S p , 

where £ = y^, U £ (a) = {x G R d :| x — a |< e}. In this set the first simplicity 
condition (11) holds (see Lemma 2(a)). Denote by 
Tr(E) = {7 + x G U £ (S p ) : 7 GT,i G E} and 

Trp*(E ) = {7 + x G F* : 7 G T, x G E} the translations of E C R d into 
U £ (S p ) and F* respectively. In order that the second simplicity condition (12) 
holds, we discart from U £ (S p ) the translation Tr{A{p)) of 

A(p) = U fc=1 (U 7 li 72 j ... j 7 fc gr(pp“)(Uj =1 Ak p ('ji, 72 , •••) 7fe)))i (61) 


where ^ 7 ( 71 , ..., 7 k ) = 

{x G (njL 1 T Ti (p“ fc )\Ffc + i) CiK p : A.^ai) G (p 2 - 3ei, p 2 + 3ei)}, 

A i(x), bk is defined in Theorem 2 and 

K p = {x£R d :\\x\ 2 -p 2 \<p a '}. (62) 

As a result we construct the part U e {S p )\Tr{A{p )) of the simple set B (see 
Theorem 5(a)) which contains the set I p (see Theorem 5(c)). For this we need 
the following lemma. 

Lemma 2 (a) If x G U £ (S p ) and x + b G U(p ai ,p), where b G T, then 

| F(x) - F(x + b) \> 2e 1: (63) 

where e = f±,£i p” d_2a , F{x) =| x | 2 +F kl -i{x), h = [^] + 2, hence for 
7 +1 G U £ (S p ) the simplisity condition (11) holds. 

(b) If x £ U e {S p ), then x + b U £ (S p ) for all b G T . 

(c) If E is a bounded subset of K. d , then p.(Tr(E)) < p{E). 

(d) If E c U £ (S’ p ), then p(Tr F *(E)) = p(E). 

Proof, (a) If x G U £ (S p ), then there exists a point a in S such that 
x G U £ (a). Since 5 n Pb = 0 ( see (60) and the definition of S ), we have 

| F(a) - F(a + b) |> 3ei (64) 
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On the other hand, using (43) and the obvious relations 
\ x \< p + \, | x — a |< e, \ x + b — a — 6 |< e, we obtain 

| F(x) — F(a) |< 3 pe, \ F(x + b) — F(a + b) \< 3pe (65) 

These inequalities together with (64) give (63), since 6 pe < £\. 

( 6 ) If x and x + b lie in U £ (S p ), then there exist points a and c in S p such 

that x € £4 (a) and x + b € U e (c). Repeating the proof of (65), we get 

| F(c) — F{x + b) \< 3 pe. This, the first inequality in (65), and the relations 
F(a) = p 2 , F(c) = p 2 (see the definition of S p ) give 
| F(x) — F(x + b) |< £i, which contradicts (63). 

(c) Clearly, for any bounded set E there exist only a finite number of vectors 
71 , 72 , ..., 7 s such that E{k) = (E + 7 *,) ft U e (S' p ) ^ 0 for k = 1,2, ...,s and 
Tr(E) is the union of the sets E(k). For E(k) — 7 k we have the relations 
p(E(k) - 7 k ) = p(E(k )), E(k) 7 fe C E. Moreover, by ( 6 ) 

(E(k) — 7 fc) n (E(J) — 7 j) = 0 for k ^ j. Therefore (c) is true. 

( d ) Now let E C U e (S p ). Then by (6) the set E can be devided into a 
finite number of the pairwise disjoint sets E\, E 2 ,..., E n such that there exist 
the vectors 71 , 72 , —, 7n satisfying (E k + j k ) C F *, (E k + 7fc) n (Ej + jj ) ^ 0 for 
k,j = 1, 2,..., n and k ^ j. Using p(Ek + 7 *,) = p{Ek), we get the proof of (d), 
because TrF*{E ) and E are union of the pairwise disjoint sets Ek + 7 fc and Ek 
for k = 1, 2 ,..., n respectively ■ 

Theorem 5 (a) The set U s (S p )\Tr(A(p)) is a subset of B. For every con¬ 
nected open subset E of U e (S p )\Tr(A(p) there exists a unique index N such 
that Ajv(f) = A(y + 1) for 7 + t. £ E, where A (7 + t) is defined in Remark 3. 
Moreover, 

^-A (7 + f) = ^-\j + t\ 2 +0(p 1 ~ 2ai ),Vj = 1,2,..., d. ( 66 ) 

(b) For the part V p = S p \U e (Tr(A(p))) of the approximated isoenergetic 
surface S p the following holds 

p(V p ) > (1 - c 9 p~ a ))p(B(p)). (67) 

Moreover, U e (V p ) lies in the subset U s (S p )\Tr(A(p)) of the simple set B. 

(c) The isoenergetic surface I(p) contains the set I p , which consists of the 
smooth surfaces and has the measure 

T(l" p ) = »{I P ) > (1 ^ c w p- a )p{B(p)), ( 68 ) 

where I p is a part of the translated isoenergetic surfaces of L(q), which is con¬ 
tained in the subset U e (S p )\Tr(A(p)) of the simple set B. In particular the 
number p 2 for p 1 lies in the spectrum of L(q ), that is, the number of 
the gaps in the spectrum of L{q) is finite, where q{x) £ bF 2 °(M d /fI), d > 2, 
so = 3d 2 ~ 1 (3 d + d + 2) + jd3 d + d + 6 , and U is an arbitrary lattice. 
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Proof, (a) To prove that U e (S p )\Tr(A(p)) C B we need to show that for 
each point 7 + t of U e (S p )\Tr(A(p)) the simplicity conditions (11), (12) hold 
and U e (S p )\Tr(A(p)) C U(p ai ,p). By lemma 2(a), the condition (11) holds. 
Now we prove that (12) holds too. Since 7 + t G U e (S p ), there exists a G S 
such that 7 11 6 14(a). The inequality (65) and equality F(a) = p 2 imply 

P (7 + t) G (p 2 - £i,p 2 +£i) (69) 

for 7 + f G U e (S' p ). On the other hand 7 + t, ^ Tr{A{p)). It means that for 
any 7 G T, we have 7 + t ^ A(p). If 7 G K and 7 +1 G i£fc\.Efc+i, then by 
definition of K ( see introduction) the inequality | F(y + t)— | 7 + t | 2 |< \p ai 
holds. This and (69) imply that 7 + ( G (E k \E k+ 1 ) D K p ( see (62) for the 
definition of K p ). Since 7 + t ^ A(p), we have Aj (7 +t) £ (p 2 — , p 2 + 3£i) 

for 7 G K and 7 + i G Ek\Ek+i- Therefore (12) follows from (69). Moreover, it 
is clear that the inclusion S C U(2p ai ,p) ( see definition of S p and S ) implies 
that U 6 (S p ) C U(p ai ,p). Thus U e (S p )\Tr(A(p)) c B. 

Now let £bea connected open subset of U e (S p )\Tr(A(p ) C B. By Theorem 
3 and Remark 3 for a G E C U s {S p )\Tr{A{p) there exists a unique index N(a) 
such that A (a) = A JV(a) (a), ^„( x) = 'L N ( a ),a{ x ), I N(a),a{ x )^e i{a,x) ) | 2 > § 
and A(a) is a simple eigenvalue. On the other hand, for fixed N the functions 
Ajv(t) and (\PAr,t(a?), e^ t,x ^) are continuous in neighborhood of a if Ajv(a) is 
a simple eigenvalue. Therefore for each a G E there exists a neighborhood 
U(a) C .E of a such that | ('&N(a),y( x )i e z ( y,x ^) | 2 > |, for y G [/(a). Since for 
y G E there is a unique integer N(y) satisfying | N( y ), y (x), e 1 ^’^) | 2 > |, we 

have AT(y) = iV(a) for y G C/(a). Hence we proved that 

Va G E, 317(a) C A : AT(j/) = N(a),Vy G [7(a). (70) 

Now let ai and a 2 be two points of E , and let C C E be the arc that joins 
these points. (Note that the open connected subset of W 1 is arcwise connected). 
Let U(yi), 17(2/2), •••, U(yk) be a finite subcover of the open cover U a ecU(a) of 
the compact C, where U(a) is a neighborhood of a satisfying (70). By (70), 
we have N(y) = N(y t ) = N t for y G U(yi). Clearly, if U{y z ) n U(yj) ^ 0, then 
Ni = N(z) = Nj, where z G U(yi) n U(yj). Thus N\ = N 2 = ... = Nk and 
N(ai) = N(a 2 ). 

To calculate the partial derivatives of the function A (7 + f) = An (t) we write 
the operator L t in the form —A — (2 it, V) + (t, t). Then, it is clear that 

2 $ Nit {x)) - 2(71) 

OXj 

£&(JV, 7 V ( 7.*), (72) 

7 'er 

where &N,t(x) = e~ l ^ t,x ^N,t( x )- If | 7 |> 2 p, then using 


d 

di- AN{t) = 

®N,t( X ) 


I :• 



Ajv = A (7 + t) = p 2 + 0(p Q ), ( see (46), (69)), and the obvious inequality 
I Aat- | 7 ' - 71 - 72 - ... - 7 fc + t | 2 |> cn | 7' | 2 for k = 0 ,l,...,p, 
where I 7i l< I 7 |> and itarating (17) p times by using the decomposition 


l(x) =T, hl \ < J- h '\<hie- ihl,x) +0(1 7 I p ), we get 


b(N, 7')= ^ 


q 11 q l2 ...q lp b{N ll ' - Ef=i7») 
n^o(Aiv-|7'-El=i7i+t| 2 ) 
6 ( 1 V, 7 )= 0(|7 |-p), V | 7 ' |> 2p 


+ 0(1 7 l~ p ), 


(73) 

(74) 


By (74) the series in (72) can be differentiated term by term. Hence 
-i(^$iv,t,$iV 7 ) = ^ l\j) | 6(1V, 7 ') | 2 = 7 (j) I b(N, 7 ) | 2 +S, + S 2 , (75) 

3 7+r 

where £1 = E| T '|> 2p 7 O') I ^, 7 ') | 2 , £2 = E| 7 '|< 2 P , 7 V 7 7 O') I WV) | 2 • 
By ( 13 ), E 2 = 0 (p- 2 “ 1+1 ), 7(i) I K^.7) | 2 = 7(i)(l + 0 (p" 2ai ), and by 
(74), = 0(p _2ai ). Therefore (71) and (75) imply ( 66 ). 

( 6 ) To ptove the inclusion U e (V p ) C U £ (S )\Tr(A(p)) we need to show that 
if a G V p , then U e (a ) C U E (S p )\Tr(A(p)). This is clear, because the relation 
a € V p C S p implies that U e (a ) C U e (S p ) and the relation a £ U e (Tr(A(p))) 
implies that U e (a) D Tr(A(p)) = 0. To prove (67) first we estimate the measure 
of S p , S p , U‘2e{A{p)), namely we prove 

p(S p ) > (1 - c 12 p~ a )p(B(p)), (76) 

p(S'p) > (1 - c 13 p- a )p(B(p)), (77) 

p(U 2e (A(p))) = 0(p~ a ) p{B(p))e (78) 

( see below, Estimations 1, 2, 3). The estimation (67) of the measure of the set 
Vp is done in Estimation 4 by using Estimations 1, 2, 3. 

(c) In Estimation 5 we prove the formula ( 68 ). The Theorem is proved ■ 
In Estimations 1-5 we use the notations: G(+i,a) = {x £ G,Xi > a}, 
G(—i,a) = {2 £ G,Xi < —a}, where x = (xi, x 2 , ..., Xd), a > 0. It is not hard to 
verify that for any subset G of U e (S p ) U U 2e (A(p)) , that is, for all considered 
sets G in these estimations, and for any x £ G the followings hold 

p 1 <| x |< p T 1, GC (U(Li(G(+*,pd- 1 )UG(-*,pd“ 1 )) (79) 

Indeed, if x £ S p , then F(x) = p 2 and by definition of F(x) ( see Lemma 2) 
and (23) we have | x |= p + 0(p~ 1 ~ ai ). Hence the inequalities in (79) hold for 
x £ U e (Sp). If x £ A(p), then by definition of A(p) ( see (61), (62)), we have 
x £ K p , and hence | x |= p + 0{p~ 1+otl ). Thus the inequalities in (79) hold for 
x £ U 2s (A(p)) too. The inclusion in (79) follows from these inequalities. 
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If G C S p , then by (43) we have d g^ > 0 for x G G(+k,p a ). Therefore 
to calculate the measure of G(+k, a) for a > p~ a we use the formula 


p(G(+k,a)) 



Prfc(G(+fc,o)) 


| grad(F) \ dxi...dx k -idx k +\...dxd, 


(80) 


where Pr fc (G) = {{xi, x 2 , ■ ■■, x k -i, x k +i, x k + 2 , •••, x d ) : x G G} is the projection 
of G on the hyperplane Xk = 0. Instead of Pi>(G) we write Pr(G) if k is 
unambiguous. If D is in —dimensional subset of R m , then to estimate p(D), we 
use the formula 


P-(D) = J p.(D(xi,...x k -i,Xk+i,—,x m ))dxi...dxk-idxk+i...dx m , (81) 
Prfc(-D) 

where D(xi, ...x k -i, x k+1 , • ••, x m ) — {x k : {xi,x 2 j •••) %m )£D}. 

ESTIMATION 1. Here we prove (76) by using (80). During this estimation 
the set S p is redenoted by G. If x G G, then x ^ 14(p ai ) for all b G T(pp a ). Since 
the rotation does not change the measure, we choose the coordinate axis so that 
the direction of a fixed b G T(pp a ) coinsides with the direction of (1,0,0, ...,0), 
that is, b = (bi, 0, 0,..., 0), foi > 0. Then the relations 

x ^ Vb{p ai ), | b \< pp a , a\ = 3a imply that | x\ |> a, where 
a = ( p ai — b\){2b \)~ 1 > p a . Therefore G = G(+l,a) U G(—l,a). Now we 
estimate ^(G(+l,a)) by using (80) for k = 1 and the relations 

> p a , (l^)" 1 | grad(F) |= ^ + 0(p~ 2a ), (82) 

OX 1 OX 1 X\ 

Pr(G(+l, a)) D Pr(A(+l, 2a)), (83) 

where x G G(+l,a),a > p a , A = B{p) fl U(3p ai ,p). Here (82) follows from 
(43). Now we prove (83). If (x 2 ,...,Xd) G Pri(A(+l, 2a)), then by definition of 
A(+l,2a) there exists x± such that 

Xi > 2a> 2 p a , xf + xl + ... +x 2 d = p 2 , | ^ ~2(2xibi - b 2 ) |> 3 p ai (84) 

i> 1 

for all {bi,b 2 ,..., b d ) G T(pp a ). Therefore for h = p~ a we have 

(xi + h) 2 + x\ + ... + x 2 > p 2 + p~ a , (xi — h ) 2 + x% + ... + x 2 < p 2 — p~ a . 
This and (23) give F(x i + h, x 2 , ■■■, x d ) > p 2 , F(x i — h, x 2 , ..., x d ) < p 2 ■ Since 
F is a continuous function there is yi G (xi — h, x\ + h) such that (see (84)) 

2 /i > a,F(y 1 ,x 2 ,...,x d ) = p 2 , | 2yibx - b\ + J^(2a : z bi - b 2 ) |> p a \ (85) 

i>2 

because the expression under the absolute value in (85) differ from the expression 
under the absolute value in (84) by 2 (iji — X\)bi, where \ yi — X\ |< h = p a , 
bi < pp a , | 2 (yi — Xi)bi \< 2 pp 2a < p ai . The relations in (85) means that 
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(x 2 , ■■■, Xd) G Pr G(+l, a). Hence (83) is proved. Now (80), (82), and the obvious 
relation /u(Pr G(+l, a)) = 0(p d ~ 1 ) ( see the inequalities in (79)) imply that 

^(G(+l,a)) = [ ^-^-dx 2 dx 3 ...dx d + 0(p~ a )p(B(p)) > 

J X\ 

Pr(G(+l,o)) 

f I x I 

/ - -dx 2 dx 3 ...dx d - c u p~ a p{B{p)) = 

J Xi 

Pr(A(+l,2a)) 

p(A(+l, 2a)) - c 14 p~ a p(B(p)). 

Similarly, p(G(—l,a)) > p(A(— 1,2a)) — C 14 p~ a p(B(p)). Therefore using the 
relations G = G(—1, a) U G(+l, a)), A = A{— 1, 2a) U A(+l, 2a), 
p(A)) = (1 + 0(p~ a ))p,(B(p)) (see (41) ) we obtain (76). 

ESTIMATION 2 Here we prove (77). For this we estimate the measure of 
the set SpCiPb by using (80). During this estimation the set S p C\Pb is redenoted 
by G. We choose the coordinate axis so that the direction of b coincides with 
the direction of (1, 0,0,..., 0), i.e., b = ( 61 ,0,0,..., 0) and 61 > 0. It follows from 
the definitions of S p , P b and F(x) ( see the beginning of this section, (60), and 


Lemma 2(a)) that if ( x\,x 2 , ...,x d ) € G then 

x i + x % + ... + x“d + Fk 1 -i{x) = p 2 , ( 86 ) 

(x\ + 61) 2 + x 2 + £3 + + x“d + .Ffc-i— 1 (x + 6) = p 2 + /i, ( 87 ) 

where h G (—3ei,3ei). Subtracting ( 86 ) from (87) and using (23), we get 

(2x 1 + b 1 )b 1 = 0(p~^). (88) 

This and the inequalities in (79) imply 

IM<2p + 3, *4 = 1+ O(p-^b^), | xf - (|) 2 |= 0(p~“ 1 )- (89) 


Consider two cases. Case 1: ft € Ti, where Ti = {b G T :| p 2 — | | | 2 |< 3 dp~ 2a }. 
In this case using the last equality in (89), ( 86 ), (23), and taking into account 
that b = (61, 0,0,..., 0), aq = 3a, we obtain 

xl = p 2 + 0(p~ 2a ), \xi \=p+ 0(p- 2a ~ l ),x 2 +x 2 3 + ... + x 2 = 0{p~ 2a ). (90) 

Therefore G C G(+l,a)UG(-l,a), where a = p — p~ l . Using (80), the obvious 
relation /x(Pr 1 (G(±l, a)) = 0(p~^ d ~ 1 ' )a ) (see (90)) and taking into account that 
the expression under the integral in (80) for k = 1 is equal to 1 + 0(p~ a ) (see 
(82) and (90)), we get ^i(G(±l,a)) = 0(p~A~ 1 ') a ). Thus p(G) = 0(p~ ( - d ~ 1 ^ a ). 
Since | Ti |= 0(p d_1 ), we have 

M (u beri (S p n P b ) = o(p~ ( - d ~ 1 ) a+d ~ 1 ) = o(p~ a )p(B(p)). (91) 
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Case 2: | p 2 — | | | 2 |> 3 dp 2a . Repeating the proof of (90), we get 

d 

| x\ - p 2 |> 2 dp~ 2a , ^ x k > dp~ 2a , max | ar fc |> p~ a . (92) 

k —2 

Therefore G C Ufc> 2 (G(+fc, p~ a )UG(— k, p~ a ))- Now we estimate p(G(+d, p~ a )) 
by using (80). Redenote by D the set Pr dG(+d, p~ a ). If x € G(+d, p~ a ), then 
according to ( 86 ) and (43) the under integral expression in (80) for k = d is 
0(p 1+a ). Therefore the first equality in 

p(D) = Oie, I b I " 1 p d ~ 2 ), p(G(+d , p~ a )) = 0 (p d ~ 1+a £i I b r 1 ) (93) 

implies the second equality in (93). To prove the first equality in (93) we use 
(81) for m = d — 1 and k = 1 and prove the relations ^((Pri D) = 0(p d ~ 2 ), 

P‘(D(x 2 ,X 3 , ..., x d -i)) < 6 s, | b | _1 (94) 

for (x 2 ,X 3 , ..., Xd-i ) G Ply D. First relation follows from the inequalities in (79)). 
So we need to prove (94). If x, £ D(x 2 , X 3 ,..., Xd-i) then ( 86 ) and (87) holds. 
Subtracting ( 86 ) from (87), we get 


2x,b, + ( b,) 2 + F kl _i(x -b)- F kl _,(x) = h, (95) 


where X2, X3 ,..., Xd-i are fixed . Hence we have two equations ( 86 ) and (95) with 
respect two unknown X\ and Xd■ Using (43), the implicit function theorem, and 
the inequalities | Xd |> p~ a , ol\ > 2 a from ( 86 ), we obtain 


Xd = f(x 1 ), 


_df_ 

dx 1 


2xi + 0(p~ 2ai+a ) 
2xd + 0(p~ 2ai+a ) 


+ 0(p~ ai ). 
Xd 


(96) 


Substituting this in (95), we get 

2xib 1 +b 2 1 +F kl _i(x 1 +b 1 ,x 2 ,..., x d -i, f(x,)) -F kl _,(x 1 ,..., x d -i, f) = h. (97) 


Using (43), (96), the first equality in (89), and Xd> p “we see that the absolute 
value of the derivative (w.r.t. x,) of the left-hand side of (97) satisfies 
| 2b\ + 0(p _2ai+a: )(l+ | |) | = 

| 2foi + 0(p - 2 ai+a )(l+ | |^ |) + 0(p~ 3ai+a ) \> b\. Therefore from (97) 
by implicit function theorem, we get | |< yjy. This inequality and relation 

h £ (—3ei,3ei) imply (94). Thus (93) is proved. In the same way we get the 
same estimation for G(+k, p~ a ) and G(—k,p~ a ) for k > 2. Hence 

p(S p fl Pb) = 0(p d ~ 1+a 8i | b l^ 1 ), for b ^ Ti. Since | b \< 2p + 3 ( see 
(89)) and 8, = p~ d ~ 2a , taking into account that the number of the vectors of P 
satisfying | b |< 2p + 3 is 0(p d ), we obtain 

/r(U b £n (S p rP b )) = 0(p 2d ~ 1+a 8i) = 0(p~ a )p(B(p)). This, (91) and (76) 
give the proof of (77). 
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ESTIMATION 3. Here we prove (78). Denote U 2e {Akj{ 71 , 72 , ■■■, 7 k)) by G, 
where 71 , 72 , ■■■,7k G T(pp“), k < d — 1, and is defined in (61). We turn the 
coordinate axis so that 

Span{ 71 , 72 ,—,7k} = {x = (x!,x 2 , ...,x k ,0,0, ...,0) : xi,x 2 ,.-,Xk G R}. 
Then by (31), we have a; n = 0 (p“ ft +( fc_1 ) a ) for n < k, x G G. This, (79), and 
0(k + {k — l)a < 1 ( see the sixth inequality in (14)) give 
G C (Ui>fc(G(+i, pci -1 ) U G(-i, pc? -1 )), 

p(Pr i(G(+i, pd~ 1 ))) = 0 (p fc ( Q fc+( fc - 1 )«)+( d - 1 - fe )) fo r i > k. Now using this 
and (81) for m = d, we prove that 

p{G{+i, pd- 1 )) = o( £/ 9 fc(^+(fe-i)«)+0-i-fc)) )V i > k. (98) 

For this we redenote by D the set G(+i, pd^ 1 ) and prove that 

p((D(xi,x 2 , ...Xi-i,x i+ i, ...x d )) < (42 d 2 + 4)e (99) 

for (xi, x 2 , ...Xi-i,Xi+i, ...Xd) G Prj(D) and i > k. To prove (99) it is sufficient to 
show that if both x = {x\,x 2 , ..., Xi, ...Xd) and x = (x\,x 2 , ...,x i ,..., Xd) are in D, 
then | 27 — 27 |< (42c? 2 +4)e. Assume the converse. Then | 27 — 27 |> (42c? 2 + 4)e. 
Without loss of generality it can be assumed that 27 > 27 . So 27 > Xi > pci -1 
( see definition of D). Since x and x lie in the 2e neighborhood of A^j, there 
exist points a and a in A^j such that | x — a \< 2e and | x — a |< 2er. It follows 
from the definitions of the points x, x ,a, a that the following inequalities hold: 

pci -1 —2 e < m < cq, a i — a, > 42 d 2 e, (100) 

(a ') 2 - (a *) 2 > 2 (pc ? -1 - 2 e)(a' - a;), 

II as I - I a s ll< 4 e,Vs ^ i. 

On the other hand for points of Akj the inequalities in (79) hold, that is, we 
have a, |< p+ 1, | a s \< p+ 1. Therefore these inequalities and the inequalities 
in ( 100 ) imply || a s | 2 — | a s | 2 |< 12 pe for s/i, and hence 
EII a s I 2 - I d s | 2 |< 12 c?p£ < fpci - 1 (a' - a,), 

II « I 2 - I a | 2 |> ^pc ? -1 | a’i - a, | . ( 101 ) 

Now using the inequality (45), the obvious relation lay < 1 ( see the end of the 

introduction), the notations rj(x) = A j(x)— \ x | 2 ( see Remark 2), £\ = 7pe ( 
see Lemma 2(a)), and (101), (100), we get 

| rj{a) - Tj(a ) \< p? ad | a - a \< ^pd~ x | a i -a, |, 

I A i( a ) 7 x j( a ') l>ll a | 2 - | a' | 2 | - | 77(a) - 77(0') \> 

pc ? -1 | a i — at \> 42dpe > 6 fo. 

The obtained inequality | A j(a) — Xj (a ) |> 6 ei controdicts with inclutions 
a G Akj, a G A^j, since by definition of Af-j ( see (61)) both A j(a) and A j(a ) 
lie in (p 2 — 3ei ,p 2 + 3ei). Thus (99), hense (98) is proved. In the same way we 
get the same formula for G(—i, (j). So 
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fi(y 2s (A k j( 71,72,-, 7*))) = 0(£p fc(afc+(fc “ 1)a)+d “ 1 " fc ). Now taking into ac¬ 
count that U 2 e{A{p )) is union of U 2 e {Akj ( 71 , 72 , •••, 7 fc) for k = 1 , 21 ; 
j = 1 , 2 , ...,6fe(7i,72,...,7fe), and 71,72,—,7fc € T(pp“) ( see (61)) and using 
that bk = 0(p dQ+ ^“ fc+1 ) ( see (39)) and the number of the vectors ( 71 , 72 , •••, 7k) 
for 71 , 72 , ...,7fc € T(pp Q ) is 0(p dka ), we obtain 

p(U2e(A(p))) = Qt £ p da +i a k+i+dka+k(a k +(k-l)a)+d-l-ky 

Therefore to prove (78), it remains to show that 

da + |«fc+i + dka + k(ak + {k — l)a) + g? — 1 — fc < d — 1 — a or 

k 

(d + \)a + —ak+i + dka + k{ak + (k — l)a) < k (102) 

for 1 < k < d— 1. Dividing both side of (102) by ka and using au = 3 k a, a = |, 
q = 3 d + d + 2 ( see the end of the introduction) we see that (102) is equivalent 
to ^±1 + + 3 fe + k — 1 < 3 d + 2. The left-hand side of this inequality gets its 

maximum at k = d — 1. Therefore we need to show that _|_ | 3 d -|- d < 3 d + 4, 

which follows from the inequalities < 3, d < ^3 d + 1 for d> 2. 

ESTIMATION 4. Here we prove (67). During this estimation we de¬ 
note by G the set S p 0 U e (Tr(A(p)). Since V p = S p \G and (77) holds, it 
is enough to prove that p(G) = 0{p~ a )p(B(p)). For this we use (79) and 
prove p(G(+i, pd -1 )) = 0{p~ a )p(B{p)) for i = 1,2, ...,d by using (80) ( the 
same estimation for G(— i,pd -1 ) can be proved in the same way). By (43), 
if x € G(+i,pd _1 ), then the under integral expression in (80) for k = i and 
a = pd~ l is less than d + 1. Therefore it is sufficient to prove 

MPr(G(+i, Pd- 1 )) = 0 (p- a )p(B(p)) (103) 

Clearly, if (xi, X 2 , ... 27 — 1 , 27 + 1 ,... Xd) € Pi'i(G(+i, pd 1 )), then 

p(U e (G)(xi, X 2 , ... 27 —i, Xi+i, ... Xd )) > 2e and by (81), it follows that 

p(U e (G)) > 2ep(Pr(G(+i,pd~ 1 )). (104) 

Hence to prove (103) we need to estimate p{U e (G)). For this we prove that 

t4(G) C U e (S' p ), U e (G) C U 2 e(Tr(A(p))), U e {G) c Tr(U 2e (A(p))). (105) 

The first and second inclusions follow from G C S p and G C U e (Tr(A(p))) 
respectively (see definition of G ). Now we prove the third inclusion in (105). 
If x € U e (G), then by the second inclusion of (105) there exists b such that 
b € Tr(A(p)), | x—b \< 2e. Then by the definition of Tr(A(p)) there exist 7 G T 
and c € A(p) such that b = 7 + c. Therefore | 22 — 7 — c |=| 2 : — 6 |< 2e, 

x — 7 € U 2 e {c) C U 2 £ (A(p)). This together with x G U e (G) C U e (S p ) (see 
the first inclusion of (105)) give x G Tr(U 2 £ (A(p))) ( see the definition of Tr(E) 
in the beginning of this section), i.e., the third inclusion in (105) is proved. The 
third inclusion, Lemma 2(c), and (78) imply that 
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p(U e {G)) = 0(p a )p(B(p))e. This and (104) imply the proof of (103)<)> 
ESTIMATION 5 Here we prove (68). Divide the set V p = V into pairwise 
disjoint subsets V (±1 ,pd -1 ) = V(±l ,pd~ 1 ), 

V' (±i, pd -1 ) = V(±i, pd~ 1 )\(U 1 jl\(V(±j, pd -1 ))), for i = 2,3Take 
any point a £ V (+i,pd -1 ) C S p and consider the function F(x) ( see Lemma 
2(a)) on the interval [a—eei, a+eei], where e\ = (1,0,0,0), e-i = (0,1, 0,0),. 
By the definition of S p we have F(a) = p 2 . It follows from (43) and the def¬ 
inition of V (+i,pd -1 ) that 9 gY > pd -1 for x G [a — eei, a + ee,;]. Therefore 

F(a - eei) < p 2 - ci 5 ei, F(a + ee,) > p 2 + ci 5 ei. (106) 

Since [a—ee,, a+eei] £ U e (a) C U e {V p ) C U E (S' p )\Tr(A(p)) ( see Theorem 5(6)), 
it follows from Theorem 5(a) that there exists index N such that A (y) = A n{v) 
for y £ t/ e (a) and A (y) satisfies (46)( see Remark 3). Hence (106) implies that 

A(a — eei) < p 2 , A(a + ee*) > p 2 . (107) 

Moreover it follows from (66) that the derivative of A (y) with respect to 7-th 
coordinate is positive for y £ [a — eei, a + £e»]. So A (y) is a continuous and 
increasing function in [a — eei, a + eei]. Therefore (107) implies that there exists 
a unique point y{a,i) € [a — eei, a + ee*] such that A (y(a,i)) = p 2 . Define 
Ip{+i) by I p {+i) = {y{a,i) : a £ V (+i, pd -1 )}). In the same way we define 
= {y(a,i) : a £ V'{-i,pd -1 )} and put l' p = Uf =1 (J p (+i) Ul'(-i)). To 
estimate the measure of / we compare the measure of V ( +i,pd _1 ) with the 
measure of I p (+i) by using the formula (80) and the obvious relations 

Pv(V\±i,pd -1 )) = Pr (I p (±i)), A*(Pr(/'(±i))) = 0(p d-1 ), (108) 

(^y)- 1 I 9 rad(F) | -( —r 1 I grad( A) |= 0(p -2a >). (109) 

Here the first equality in (108) follows from the definition of I p (±i). The sec¬ 
ond equality in (108) follows from the inequalities in (79), since / C U e (S p ). 
Formulas (43), (66) imply (109). Clearly, using (108), (109), and (80) we get 
p(V (±i, pd -1 )) — p(I p (±i)) = O(p d-1-2otl ). On the other hand if 

V= (yi, 2 / 2 , •••,2/d) G l' p {+i)r\f p (+j) fori <j then there are a G V\+i,pd -1 ) 
and a £ V (+j, pd -1 ) such that y = y(a, i) = y(a ,j) and y £ [a — eei, a + eei], 
y £ [a — eej,a + eej]. These inclusions imply that pd -1 — e < y, < pd -1 . 
Therefore /i(Pr j(I p (+i) H l' p (+j))) = 0(ep d-2 ). This equality, (80) and (66) 
imply that p((I p (+i) (i I p (+j))) = 0{ep d-2 ) for all i and j. Similarly 
p((I p (+i) 0 I p (—j))) = 0{ep d-2 ) for all i and j. Thus 

M7 ' p ) = Y / x ( / p(+*))+ Y m-Ch)) + °( £ p d ~ 2 ) = 


26 



T,i P( v '(+h P d 1 )) + E iP(V'(-i,pd 1 )) + 0(p d 1 2ai ) = 
p(V p ) + 0(p~ 2ai )p(B(p)). This and (67) yeild the inequality (68) for I p . 
Now we define / as follows. If 7 + 1 G / then A(y +f) = p 2 , where A(j + 1) is 
a unique eigenvalue satisfying (5) ( see Remark 3). Since 

A (7 + 1) =| 7 + < | 2 +0(p" ai ) ( see (5) and (23)), for Hxed t there exist only 
a finite number of vectors 71 , 72 , ■■■,% G T satisfying A(j k + t) = p 2 . Hence I p 
is the union of pairwise disjoint subsets I pk = { 7 h +1 G I p : A(yfc + t) = p 2 } for 
A: = 1,2, ...s. The translation l" pk = I p k - 7 *, = {t G F* : 7 *, +1 G l' p k } of 
I k is a part of the isoenergetic surfaces I p of L{q{x)). Put I p = U| =1 / p>fc . If 
t G I p k l~l I pm for k 7 ^ m, then 7 *, + 1, G I p C U e {S' p ) and 7 m +t G U e {S' p ), which 
contradict Lemma 2(b). So I p is union of the pairwise disjoint subsets I p k for 
k = 1, 2, ...s. Thus 

M-C) = EfcM(-C.fe) = T, k P( I 'p,k) = PiO > (! - cioP _ “))M-B(p))0 
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